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Abstract. We study the set of the representable numbers in base q = pe'^ with 
p > 1 and n e N and with digits in a arbitrary finite real alphabet A. We give 
a geometrical description of the convex hull of the representable numbers in base 
q and alphabet A and an explicit characterization of its extremal points. A char- 
acterizing condition for the convexity of the set of representable numbers is also 
shown. 



1. Introduction 

In this paper we deal with expansions with digits in arbitrary alphabets and 

bases of the form pe~ with p > 1 and n E N, namely we are interested in devel- 
opments in power series of the form 

(1) E- 

M "I' 

with the coefficients xj belonging to a finite set of positive real values A named 

alphabet and the ratio q = p£~ , named base. The assumption p > 1 ensures the 
convergence of Q, being the base q greater than 1 in modulus. When a number x 
satisfies 

GO y . 

for a sequence {xj)j^i with digits in the alphabet A, we say that x is representable 
in base q and alphabet A and we call {xj)j^i a representation or expansion of x. 

The first number systems in complex base seem to be those in base 2i with 
alphabet {0,1,2,3} and the one in base —1 + i and alphabet {0,1}, respectively 
introduced by Knuth in |11] and by Penney in IITll . After that many papers were 
devoted to representability with bases belonging to larger and larger classes of 
complex numbers, e.g. see |10| for the Gaussian integers in the form —n±i with 
n E N, [9 1 for the quadratic fields and [2J for the general case. Loreti and Ko- 
mornik pursued the work in [2] by introducing a greedy algorithm for the expan- 
sions in complex base with non rational argument [13J. In the eighties a parallel 
line of research was developed by Gilbert. In [5J he described the fractal nature of 
the set of the representable numbers, e.g. the set of representable in base — 1 + f 
with digits {0, 1} coincides with the fascinating space-filling twin dragon curves 
IIT2ll . Hausdorff dimension of some set of representable numbers was calculated 
in Q and a weaker notion of self-similarity was introduced for the study of the 
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boundary of the representable sets [jTJ. Complex base numeration systems and 
in particular the geometry of the set of representable numbers have been widely 
studied by the point of view of their relations with iterated function systems and 
tilings of the complex plane, too. For a survey on the topology of the tiles associ- 
ated to bases belonging to quadratic fields we refer to [IJ. 

We study the convex hull of the set of representable numbers by giving first a 
geometrical description then an explicit characterization of its extremal points. We 
also show a characterizing condition for the convexity of the set of representable 
numbers. 

Expansions in complex base have several applications. For example, in the con- 
text of computer arithmetics, the interesting property of these numerations sys- 
tems is that they allow multiplication and division of complex base in a unified 
manner, without treating real and imaginary part separately — see [12J, |6| and 
||4l . Representation in complex base have been also used in cryptography with 
the purpose of speeding up onerous computations such as modular exponentia- 
tions [3 1 and multiplications over elliptic curves |17| . Finally we refer to [15J for 
a dissertation on the applications of the numerations in complex base to the com- 
pression of images on fractal tilings. 

Organization of the paper. Most of the arguments of this paper laying on geomet- 
rical properties, in Section |2] we show some results on complex plane geometry. In 
Section |3] we characterize the shape and the extremal points of the convex hull 
of the set of representable numbers. In Section |4] we give a necessary and suffi- 
cient condition to have a convex set of representable numbers, this property being 
sufficient for a full representability of complex numbers. 

2. Geometrical background 

By using the isometry between C and 'E? we extend to C some definitions which 
are proper of the plane geometry. Elements of C are considered vectors (or some- 
times points) and we endow C with the scalar product 

u ■ V := |u| |v| cos(arg u — arg v). 

Remark 2.1. 

u ■ V ^ 

if and only if 

cos (arg u — argv) ^ 0. 

A polygon in the complex plane is the bounded region of C contained in a 
closed chain of segments, the edges, whose endpoints are the vertices. If two ad- 
jacent edges belong to the same line, namely if they are adjacent and parallel, then 
they are called consecutive and their common endpoint is a degenerate vertex. If a 
vertex is not degenerate, it is called extremal point. The index operations on the ver- 
tices vi, . . . ,vh G C of a polygon are always considered modulus their number, 
namely 

V/j+s := V;,+s modH 

SO that for instance vq = and v^+i = vi. 
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Consider an edge whose endpoints are two vertices vu-i arid Vf, and its normal 
vector 

(2) n;, = (v,, - \h-i)^ := -i{^h - ^h-i) 

A set of vertices {vj, . . . , vh} is counter-clockwise ordered if there exists s S {0,...,H- 
1 } such that for every h = 1, . . . , H — 1 

(3) argn,i+, ^ argn;,+,,+i. 

A set of vertices {vi, . . . , v^} is clockwise ordered if there exists s e {0, . . . , H — 1} 
such that for every i = 1, . . . ,H — 1 

(4) argn/i+s ^ argn^+s+i. 

Remark 2.2. A polygon is convex if and only if its vertices are clockwise or counter- 
clockwise ordered (see ISJ /or the case, the complex case readily follows by employing 
the isometry {x,y) i— >■ x + iy). 

We are now interested in establishing condition on a point x G C to belong 
to a convex polygon. The following result is an adapted version of the exterior 
criterion for the Point-In-Polygon problem (see for instance 1161 ). 

Proposition 2.3. Let P be a convex polygon whose vertices are vi, . . . , v^- Then a com- 
plex value X belongs to P if and only if for every h = 1, . . . ,H 

{x-V},) -n,, ^ 0. 

The convex hull of a set X c C is the smallest convex set containing X and it 
is denoted by using the symbol conv(X). When X is finite, its convex hull is a 
convex polygon whose vertices are in X. 

We now study the convex hull of the set PU {P + 1), being P a convex polygon, 
t e C and P + 1 := {x + t I X e P}. 

Remark 2.4. IfteC then 

± f 37r\ 
argt = largt+— j mod ztt 

and 

arg(— t)^ = ^argt+ mod 27r 

Theorem 2.5. Let P be a convex polygon with counter-clockwise ordered vertices in 
{vi, . . . , Vh} and let t e C. Denote hi and h2 the indices respectively satisfying 

(5) arg n,,j ^ arg -t^ < arg n,,j+i 

(6) argn,,2 ^ argt^ < argn^^+i 
Then the convex hull ofPU (P + 1) fs a polygon whose vertices are: 

(7) V;,j, . . . , V,,2, V,,2 + t, . . . , V,,j_i + t, V,,j + t. 

Remark 2.6. As the index operations on the vertices are considered modulus H, if hi > h2 
the expression in ^ means 

(8) Vf,^,...,VH,Vl,...,Vh2'^h2+i'---'^h-l+i>V,l^ +t. 

conversely if hi < h2 the extended version o/Q fs 

(9) V,,j,...,Vft2,V;,2 +t,...,VH + t,Vi +t,...,V;,j_l +t,V;,j + t. 
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Proof. As P is a convex polygon, its vertices are either clockwise or counter-clockwise 
ordered. We may assume without loss of generality the latter case and, in particu- 
lar, that 

(10) arg(n;,) ^ arg(n;i+i) 

for every h = 1, ... ,H — 1. Therefore hi and h2 are well defined. By definition 
hi 7^ h2, hence we may distinguish the cases hi > h2 and hi < h2- We discuss only 
the latter case, because the proves are similar. We use the symbol P to denote the 
polygon whose vertices are listed in (j7|, in particular we set 

ivh+hi-i \ih = l,...,h2-hi+l 
\^fh+H-2 + ^ ifh = h2-hi+2,...,H + 2 



Remark that by shifting the vertices of P of s := H — hi +2 positions, we obtain 
the ordered list 

Vi +t,...,Vhj +t,V;,j,...,V;,2,V;,2 +t,...,VH + t 

and, in particular, 

t 




if = l,...,/zi 
ifh = hi+1,. . .,h2 + l 
if/z = /z2+2,...,H + 2. 



Hence 





ifh 


= 1,. 


■ M 








ifh 


= hi- 


M 








ifh 


= hi- 


F2,.. 


■ M- 


hi 




ifh 


= h2- 










ifh 


= h2- 


F3,.. 


.,HH 


-2. 



2.2 



Thus the definition of hi and of /z2, together with | |T0| , implies that for every h 
1,...,H + 1 

(11) argn;,+s ^ argn,,+s+i 

namely the vertices of P are counter-clockwise ordered. In view of Remark 
may deduce that P is convex and, in particular, 

P = conv{v;j I /z = 1, . . . , H + 2}. 

Now we want to show 

P = conv(PU (P + t)) 
by double inclusion. Since P is convex, we have 

P = convjv;, \ h = 1,.. ., H}, 
P + t = conv{v;, +i\h = l,...,n} 

and 

conv(PU (P + t)) = conv{vft,v;, + t | h = 1,...,H}, 

therefore 

P = conv{v;, I /z = 1,...,H} C conv(PU (P + t)). 



we 
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To prove the other inclusion, it suffices to show that P U (P + t) C P. In view of 
Proposition |2.3[ this is equivalent to prove that for every y E P U (P + t) and for 
every h = 1,. . .,2H 

(12) (y-v,,)-n,, ^0. 

Now consider y G P U (P + t) and remark that 

y = X + at 



for some x E P and a E {0, 1}. Therefore we may rewrite (12 1 as follows 
(13) (x + at- V,,) -n,, ^ 



for every h = 1, . . . , H + 2. First of all remark that, by Proposition 2.3 for every 
h = l H 

(14) (x-v;,)-n;, ^0 

and, consequently, 

(x - V;,) ■ n,,+i = (x - v,,+i) ■ iift+i + (v,,+i - V,,) ■ n,,+i 

^j^^ = (X - V;, + i) ■ Ilft+i + (v;,+i - V,,) ■ (v;,+i - V;,)-^ 

= (x- V;,+i) -nj^+i 

Therefore, 

(16) max{cos(arg(x-v;,) -argn,i),cos(arg(x-Vft) -argn;,+i)} ^0. 
Now, 

• ifh = l then the definition oih^, namely 

argn;,j ^ arg(-t)^ < argn,,j+i, 

and | [T6| imply 

cos(arg(x - v;,) - arg(-t)-^) 

^ max{cos(arg(x - v,,J - argnhJ,cos(arg(x -Vf,^)- argn,,j+i)} 
^ 0. 

Then 

(x + at-vi) - III = (x- v,,J ■ (-t)-L +at- (-t)-^ ^ 0. 

• lih = l,...,h2-hi then 

(x + at - Vft) ■ = (x - v,,+,,j_i) ■ n,,+,,,j_i + at ■ n;,+,,j_i < 0, 
because t ■ n;, ^ whenever ^h2- Indeed 

^argt+^^ mod 2/1 = arg(— t^) ^ argn/i ^ argt^ = ^argt+^^ mod27r 

hence 

cos(argt — argn;,) ^ max | cos (^^^ ,cos f ^ ) 1 = 0- 
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• If h = h2 — hi + 1 then 

{x + OCt- V;,) ■ n;, = (x + at - V;,2 - t) ■ t^ = (x - V;,^) ' ^ 

Indeed 

and | [T6| imply 

cos(arg(x - v;,) - arg(t)^) ^ 

^ max{cos(arg(x - v^J - argn,,2),cos(arg(x - v^J - argn/^^+l)} 
^ 0. 

• Finally if h = - h + 2, . . . ,H + 2 then 

(x + at - V;,) ■ n,, = (x + at - Vh+h^-i - t) ■ nh^_2+h 

^ (X - Vh+hi_2) ■ r\h^-2+h - (1 - <^)i ■ 
^ 

because 1 — a ^ and t ■ rifj^ _2+h ^ for every h = h2 — hi +2, . . . ,H + 2. 
Hence ||T3| holds for every x E P and a e {0, 1} and the proof is complete. □ 



Corollary 2.7. Let P be a convex polygon with I edges and let t e C. Then conv(P U 
(P + 1)) has H + 2 (possibly consecutive) edges, in particular I edges o/conv(P U (P + 
t)) are parallel to the edges ofP and 2 edges are parallel to t. 

Proof. It immediately follows by the list of vertices given in |[7||. □ 

Corollary 2.8. Let P bea convex polygon with e extremal points and let t e C. Then: 

(a) ift is not parallel to any edge ofP then conv(P U (P + 1)) has e + 2 extremal points; 

(b) ift is parallel to 1 edge ofP then conv(P U (P + 1)) has e + 1 extremal points; 

(c) ift is parallel to 2 edges ofP then conv(P U (P + 1)) has e extremal points. 

Proof. Set / the number of edges of P and d := I — e the number of degenerate 
vertices. By definition, a vertex v is degenerate if the normal vectors of its adja- 
cent edges have the same argument. It follows by ^ that the normal vectors of 
conv(P U (P + t) ) are the following: 

n/ij/- ■ ■ /n;,2_i,t-'-,n;,2,. . .,n,;j_i, -t-'- 
with hi and h2 satisfying: 

argn;,j ^ arg -t^ < argn^j+i 
argn;,2 ^ argt^ < argn/j^+i 

Thus by denoting It the number of vertices of Pt, by dt the number of the degen- 
erate vertices and by Ct the number of extremal points, by Corollary |2.7| we have 
that It = I + 2 and : 





V 


ift^ 


dt = 


U + i 


ift^ 




\d + 2 


ift^ 



Hence thesis follows by the relation Ct = It — dt. □ 
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We conclude this section with the following result on the convexity of P U P + 1. 

Proposition 2.9. Let P be a convex polygon and assume that 2 edges ofP are parallel to 
the real axis on the complex plane and that their length is equal to 1. Consider t^,..., tm e 
]R such that 

(17) ti<-- - <t„. 

Then 



if and only if 



is a convex set. 



max — ti ^1 

!=l,...,m— 1 



\J{P + h) 

1=1 



Proof. Only if part. 

Suppose — > 1 for some i\ e {1, . . . ,m — 1}. Let vi and V2 two extremal 
points of P such that 

re (vi) ^ re (v2) 

and 

im (vi) = im (V2) 

By the inequality above, the edge with endpoints vi and V2 is parallel to the real 
axis and, consequently, 

(18) re(v2)-re(vi) ^l<f,j+i-f,-^. 

Now define for every i = 1, . . . , m 

{vi + X I X e [f/, ti + re V2 - re vj]} 
and remark that the convexity of P implies 

))) m 

y P + n {vi + f 1 1 e R} = y e; 

i=l i=l 



By 1 17 1, for every oc E (0, 1 ) and every i = 1, . . . ,m — 1 



m 

a(v2 + ti) + (1 - a)(vi + ti^i) E y e; 



if and only if 

a(v2 + ti) + (1 - a)(vi + f,-+i) E e,- n e,'+i. 
Now, setting := V2 + and Xi := vi + f/j+i, we have that for every a E (0, 1) 

axi + (1 - a)x2 E conv {P + f;)^ 

and 

axi + (1 - a)x2 e {vi + f I f e R} 

but, in view of ( [TS) , 

n e,j+i = 
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hence 

m 

axi + (l-a)x2 ^ U(^ + ^')- 
Therefore UJli {P + ) is not a convex set. 
If part 

Let wip and Mp be such that P is a subset of {x e C|/np ^ im (x) ^ Mp}. For 
every nip ^ y ^ Mp we consider the set 

ly := {x e R I x + fy e P} 

As P is convex, ly is an interval, whose endpoints are denoted by Uy and hy. The 
convexity of P also implies \ ly\^ 1; therefore — ^ 1 implies 

m 

[fly + h, hy + tni] = U K + ^i' h + ^']- 

! = 1 

and 

m 

(19) X + fy e U + ^i) if and only if x e [fly + fi, by + t„] . 

1=1 

We want to prove that U,^Li {P + ^/) is a convex set by showing that it contains any 
convex combination of its points. So fix 

m 

XI, X2 e U(-P + f')- 

i=l 

If Xj and X2 are both in P + f , for some i = l,...,m the convexity of P implies the 
thesis. Otherwise suppose xj e P + tj^ and X2 G P + tj^ with < f/^ and consider 
a convex combination axi + (1 — a)x2, with a e [0, 1]. Remark that X2 e P + 
implies X2 — (t/^ — tii) G P + Ui and/ consequently, 

X axi + (1 - a)(ax2 - 1) E P + f/j. 

Therefore 

axi + (1 - a)x2 = X + (1 - a)t = X + fy + (1 - a.){ti^ - t/J. 
for some x E ly + f,j and y £ [wip,Mp]. Hence 

fly + fl ^ fly + ti^ ^ X + (1 - a) (ti^ - ti^ ) ^by + t + (l " «) (f,^ " t ) 

^ by + tni- 



In view of |19 1 we finally get axj + (1 — a)x2 E Uili P + and hence the thesis. □ 



3. Characterization of the convex hull of representable numbers 

In this section we investigate the shape of the convex hull of the set of rep- 
resentable numbers in base peir' and with alphabet A. We adopt the following 
notations. 
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Notation 3.1. We use the symbol A„^p^A to denote the set of representable numbers in 
base q„^p := pe^' and with alphabet A, namely 



We set 

^n,p I E ^fc^lp I ^fc e {o,i}| 

and 

Fn,p := conv(X„,p). 

Remark 3.2. As Xn,p is finite, Pn,p is a polygon. 

The following result represents a first simplification of our problem: in fact 
the characterization of the convex hull of the infinite set A„^p^A is showed to be 
equivalent to the study of P„,p. 

Lemma 3.3 (Parkas' Lemma). Let A G JR^^" and b e R". The system Aji = b admits 
a non-negative solution if and only if for every u G W" the inequality A~^ • m > implies 
b'^ -u^O. 

Lemma 3.4. Let q e C, n E 'N and Ajt G [A^,„, \max] for every k — 0, . . . ,n — 1, 

^mini ^max G ^ and 

S {{x^^\ x^^\) I ) e \max}; fc = 1, . . . , n; /i = 1 . . . , 2"} 

be the set of sequences of length k and with digits in {Arniti' ^max}- 
Then there exist //j, . . . , /^2« ^0 such that 

2" 
h=l 

and 

n-l 2« n-l 

(20) E 'i'h =LFhL ^'xP 

k=0 h=l k=0 

Proof. Consider the linear system with 2" indeterminates arid with n + 

1 equations 

( 2" 

E l^hxf^ = Afc for = 0, . . . , n - 1; 

h=l 
2" 

E = 1- 

We may rewrite the above system in the form 

A}i — b 
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where the h-th column of A satisfies = {x^^\ . . ., 1) and fc^ = (Ai, . . . , Aj^, 1). 
In order to apply Farkas' Lemma consider u e ]R"+^ such that 

" (h) 
)c=l 

for every h — 1, ... ,2". We recall that ^ [^mini ^max] for every k, then we may 
consider the sequence {xf^^, x^^ ) G S such that for every k — 1, . . . ,n 

^k^ ^ '^fc if ai^d oi^ly if Wfc ^ 0. 

Consequently 

)(:=1 

and 

- u^Y^ X^U), + u„+i ^ x[''ut, + Un+l ^ 0. 
k=l fc=l 

By Farkas' Lemma, there exist ]42" ^ with Eft=i ^h — ^ such that 

2" 

for every k — l,...,n and, consequently, }i2" also satisfy 

n-l n-1 2" , 2" n-1 



k=0 k=0 h=l h=l k=0 



□ 



Proposition 3.5. For every n ^ 1, p > 1 and qn,p = pe^"'; 

, maxA — minA „ 1 '1=-,^ . ^ i. 

(21) conv(A„,p,^) = — — P„,p + —— l^rmnA q„^j,. 

f ^ f ^ k=0 

Proof. Fix n and p and, in order to lighten the notations, set q — qn,p, X„ = Xn^p 
and Pn — Pn,p- Consider 

^ X ■ 



As q^ — p". 



(22) 



with 



E^ = E'?'^E^ 



n-1 
k=0 



- E ^ e 



minA max A 



p» -1' pn-1 
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Therefore by Lemma 3.4 any element of A„ ^ is a convex combination of complex 



numbers that can be written in the form 

n-l 



it=0 



. , I mrnA max A , ^, 

with e { —J y Thus 



n-l 



, \ I I k I \ iTiir' A max A 

conv (A„,p,a) = conv [ <j ^ 'J I ^ | 



max A — min A 1 'x— 

conv(X„,p) + ——J mmA q . 



k=0 

□ 

We now give a geometrical description of conv(A„ p^). 

Theorem 3.6 (Convex hull of the representable numbers in complex base). For 
every n ^ 1, p > 1 and alphabet A, the set conv(A„ p ,4) is a polygon with the following 
properties: 

(a) the edges are pairwise parallel to q'^,. . . , q"~^, where q = pe^; 

(b) ifn is odd then conv(A„ p ,^) has 2n extremal points; 

(c) ifn is even then conv(A„ p^^) has n extremal points. 

Proof. Fix n and p and, in order to lighten the notations, set q = qn,p, X„ = X„ p 
and Pn = Pn,p- Our proof is based on showing P„ to have properties (a), (b) and (c); 
indeed these properties are invariant by rescaling and translation and, by Propo- 
, they extend from P„ to conv(A„ p ^t). 



sition 



3.5 



We divide the proof in three parts. 

Part 1. The edges ofP„ are pairwise parallel to q^,. . . , q"~^. 
To the end of studying P„, we consider the sets 

{m-l ] 
^Xjqi IxjE {0,1}^^ 

for m - 

= {0,1}; 




m-l\ 



X^-i U (X„,_i + q 



\Pi = [0,1]; 

\P„, = conv U (P„,_i + q'"-^)) . 

We remark that Pi can be looked at as a polygon with two vertices and w ith t wo 
overlapped edges that are parallel to q^. By iteratively applying Corollary |2. 7| we 
deduce that Pn has pairwise parallel edges and every couple of edges is either 
parallel to q^ or to any of the successive translation, i.e. q^,. .. , q"^^. 
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Part l.lfn is odd then P„ has In extremal points. 

First remark that n odd implies that qi and are not parallel for every j 7^ k. 
We showed above that for every m = the edges of the polygon Pm-i are 

parallel to q^,. . .,q'"~-^ and, consequently, the translation q'"^^ is not parallel to 
any edge. Hence, denoting e,„ the number of the extremal points of P,n, the first 
part of Corollary |2 . 7| impl ies that is defined by the recursive relation; 




for every m = 1, . . . , n. Hence e„ = 2n. 

Part 3.1fn is even then P„ has n extremal points. 

If n is even then q^'^"^'^ is parallel to for every m = 1, . . . ,n/2. Since Pm has 
pairwise parallel edges, we deduce by (a) and (c) in Corollary |2.8| that is defined 
by the relation: 

'eo = 0; 

e,„=em_i+2 if = 1, ...,m/2; 
e,,, = em-i if W2 = w/2 + 1, ...,n; 
hence e„ = n and this concludes the proof. □ 

Example 3.7. Ifn = 3 and ifp > 1 then conv(A„^p^^) fs an hexagon. 
Ifn=i and ifp>\ then conv(A„ ^ ,4) fs a rectangle. 





(A) conv(X3 2i/3) 



(b) conv(X4 2i/-i) 



Figure 1. Convex hulls of X321/3 and of X421/4. Remark that 

when A = {0,1} then Pn,p = conv(X„p) coincides with 
1 

— — ^conv(A„,p,A). 



After establishing the shape of conv(A„ p^), we are now interested on the ex- 
plicit characterization of its extremal points. By Proposition 3.5 this is equivalent 
to characterize the extremal points of Pn,p and we shall focus on this problem. Let 
us see some examples. 
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(d) )i = 6 (E) n = 7 (F) n = 8 



Figure 2. The sets 21/2 {q 1} with n = 3, . . . , 8 and their convex 
hulls. 21/2 {0 1} is approximated with the set of expansions with 
length 14. Remark that %2^^^ ~ ^ + ' ^ Gaussian integer that 
has been studied, for instance, in 15|. 

Example 3.8. Set p > 1 and q := q^^p = pe^\ By a direct computation, the set of 
extremal points f P^^p, say £{Po, p), is 

£{P3,p) = {l,\+q,q,q + q^ ,q^ ,q^ + 1). 



Example 3.9. Set p > 1 and q := q^^p 
extremal points f P^ p, say £{Pji^p), is 

£{P4,p) = {l+q,q + q'^,q 



pe i\ By a direct computation, the set of 



■q'q'- 



!}■ 



Example 3.8 and Example 3.9 suggest that the set of extremal points of Pn,p has 
an internal structure. In general the vertices of P„ p are element of X„ p and in 
particular they are (finite) expansions in base qn,p- In order to make the structure 
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4 + 13 




1 



Figure 3. Extremal points of Ps^p with p = 2^^^. When the al- 
phabet is {0, 1}, this coincides with the convex hiill of A^^„^p. 

of the extremal points more evident, in next examples we focus on the sequences 
of binary coefficients associated to the extremal points. This point of view requires 
some notations. 

Notation 3.10. Let {xq - ■ ■ Xn-i) be a sequence in {0, 1}" and q EC. We define 

n-l 

{xo---Xn-i)ci := Y^x^q'' 
)c=0 

and we introduce cr, the circular shift on finite sequences: 

cr{xoXi ■ ■ ■ Xn-i) := {xi--- Xn-ixo). 
The closure of (:co • • • :c„_i) with respect to a is denoted by 

Orb{xo • • • Xn-i) := {a'\xoXi ■ ■ ■ x„_i) \ h ^ 0, . . . ,n - 1}. 
Finally we define 

Orb{xo ■ ■ ■Xn-i)q := {a^\xQXi ■ ■ ■ Xn-i)q \ h = Q,...,n-l). 

Example 3.11. Following relations hold for every p > 1 and they are established by 
means of a symbolic computer program. 
Ifq — q3,p then 



£{P3,p) = {l,l + q,q,q + q^ ,q^ + l}. 

= {(100)^, (llO)q, (010),, (Oil),, (OOl)g, (101),} 
= Orb{lQQ)ci U Orb(llO)^; 
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If cj = qi,p then 



= {(1100),, (0110),, (0011),, (1001),} 
= OrKllOO),; 

^Z'? = '?5,p then 

£iP5,p) = {(11000),, (11100),, (01100),, (OHIO),, (ooiio),, 

(00111),, (00011),, (10011),, (10001),, (11001),} 
= Orf;(1100),UOrf7(11100),; 



If q = q(,^p then 

£iP6,p) = {(111000),, (011100),, (001110),, 
(000111),, (100011),, (110001),} 
= Orfc(111000),. 

In Example 3.11 the set of extremal points £{Pn,p) is shown to be intimately 



related to the sequences (lL"/2Jon-L«/2J ) and when n = 3,5 and 

to the sequence 

(l"/2o"/2) when n =4,6. We now prove that this is a general 
result. We set q = q„^p and for h = 1, . . . ,n we introduce the vertices 

L,i/2J-1 

(25) V2;,„i := £^''(lL"/2J0"-L»/2J^, ^ J- ^k+h-lmodn 

(26) = E 

keK(h) 

where 

K{h) := {k e {0,...,n-l} | {k-h + l)modn ^ [n/2j -1}; 

rn/21-l 

(27) V2ft :=c7''(ir"/2lo"-fn/2l) = J2 

k=0 

(28) = E 

keK{h) 

where 

K{h) := {A: e {0,...,m-1} | {k-h + l)modn ^ [m/2] -1}. 

Remark 3.12. By a direct computation, ifn is odd then for every h = 1, . . . , n 

(29) n2ft_i — [-q ) 

(30) n2,, = ((?''-2+f«/2l mod„)± 

while ifn is even then \2h = ^ih-\ hence 

(31) n2,_i=(^l-^)(-^''-2-°'^")^ 

(32) n2h = 0; 
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In view o/(29 ' and of ^1^, for every n and every h 

f (h — 2) mod n 
(33) argn2;,_i - ' ^ ' 



n 



2n + — ] mod 2n 



Lemma 3.13. For every h = 1, . . . , n 

(34) k e K{h) if and only ifq^ ■ rv2h-i ^ 0; 

k e K{h) if and only if ■ ^ 0; 



(35) 



Proof. For every k = 0, . . . ,n — 1 
(36) 

if and only if 



(37) 



cos I arg<j — argn2/i_i I = cos 



■ n2h-i ^ 

(fc - /i + 1) mod n + 1 



271- 



71 



^ 



As - /i + 1) mod n e {0, . . . , n - 1}, 

TT (A: — + 1) mod M + 1 



< 



TT 37r 
2 2 



1 37 1 reduces to 



7T (A: — + 1 ) mod n + 1 tt tt 

1^ < ^ 27r- - ^ - 

2 M 2 2 



Hence l34i follows by the definition of A: G K(^) and by recalling that (k — h + 
1) mod n e N. 

To prove | [35| , we first remark that if n is even then = and 1 35 1 is immedi- 
ate. If otherwise n is odd then 



arg n2h 



{h -2+ \n/2'])modn^^ 3tz 
n 2 



mod 2n 



therefore 
(38) 

if and only if 
(39) 



cos 



(A - /z + 1) mod n + 1 - [n/2] tt 

ZTT ■ ' 



^ 0. 



n 2 

As (A — /i + 1) mod n e {0, — 1}, for every A = 0, . . . , n — 1 

TT (A — /z + 1) mod M + 1 „ TT 37r 
-2 <^ n '"-2 ^T' 



1 37 1 reduces to 



TT (A — /z + 1) mod n + 1 „ tt tt 
2 <^ n '"-2^2^ 



Relation 1 35 1 hence follows by the definition of K{h). 



□ 
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Lemma 3.14. For every x e X„^p and for every h = 1, . . . ,n 

(40) {x - V2h-i) ■ nih-i ^ 
and 

(41) {x-W2h)-n2hi^0. 



Proof. Let 



n-l 

k=0 



with xq, . . . , x„_i G {0, 1}. Then for every h = 1, . . . ,n 



{x -V2h^i) ■n2h-i = ixi,-l){q'' ■n2h-i) + ^ ■ "2/7-1) ^ 

keK{h) k<^K{h) 



indeed Lemma 3.13 and Xj. G {0, 1} imply that all the terms of the above sums are 



non-positive. Similarly, again by Lemma 3.13 and by Xj- G {0, 1} we may deduce 



{x - V2h-l) ■ T^lh-l = E {Xk-'i^){q'' -T^lh-l) + E Xkiq'' ■ n2h-i) 0. 
keK{h) k^K{h) 



□ 



Remark 3.15. Proposition 2.3 and Lemma 3.14 imply that X„„ is a subset of the polygon 



whose vertices are vi, . . . V2„, therefore 

Pn,p = conv(X„,p) C conv{v;, \ h = l,...,n}. 
This, together with the fact that v;, G X^^pfor every h = 1,. . .,2m, implies 

(42) P„,j, = conv({v;, I = 1 In}). 

In particular when n is odd v^, . . . ,\2n coincide with the In vertices of P„^p. When n is 
even, vi = V2, . . . , V2n-i = V2n are the n vertices ofPn,p. 

Theorem 3.16. For every n ^ 1, p > 1 and for every finite alphabet A 

, maxA — minA ,, ^ ^ . , 

(43) conv(A„^p,A) = conv({v;, | h = l,...,2n})+ l_^mmAq\ 

P ^ k=o 



Moreover ifn is even then 

,. ,. , . , maA — iiiui j-i . X— '..1- 

(44) conv(A„,p,^) = -^^—^ conv({v2/i \ h = 1, . . . ,n]) + mm A q\ 



max A — min A " ^ 



k=0 



Proof. In view of Remark 3.15 1 43 1 immediately follows by Proposition 3.5 while 
| |44| | holds because if n is even then V2;, = 'V2h-i for every h = 1, . . . ,n. □ 
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4. Representability in complex base 

In this section we give a characterization of the convexity of A„ To this end 
we recall some basic elements of the Iterated Function System (IPS) theory. An IPS 

is a finite set of contractive maps over a metric space X, in particular if X = C 
then 

J^ = {fi:C^C\i^l,...,m} 
for some m G N and for every x,y e C and i = 1, . . . ,m 

\fi{x) -fi{y)\ ^ Ci\x-y\ 
for some < c, < 1. The Hutchinson operator acts on the power set of C as follows 

m m 

J-(X):=U/«-W-U UfM- 

i=i i=ixex 

By the contraction principle, every IPS has a unique fixed point R = J-{R) that can 
be constructed starting by any subset of C, indeed for every X C C 

R = lim ^■'^(X). 



Example 4.1. IfqEC and if\q\ > 1 then 

— i^fi : X 1-^ ^{x + aj) \ aj e K; i = 1, . . . ,ni^ 

is an IFS. 

We define 
(45) 



Lemma 4.2. Let q E C, \q\ > 1 and A — {«!,..., Am} C R. Then the fixed point of 



Proofi For every 



^ = E 3 e A,,A 

k=i '? 

we have 

1 H i=2 H H 

Moreover if xi = fl, then 

f-i(x) ^qx-ai^xi + qV^-ai = V -M^ e A„„a- 

Therefore 

m 

i=l 

namely A„^p^^ is the fixed point of J^q^A- D 
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(A) 



(B) 



(C) 




(D) 



(E) 



(F) 



Figure 4. First 6 iterations of F{o,i} = {^/'?3,2/l/^3,2(^ + 1)} 
over conv(A32,{o,i})- 



U q = q„^p we define 



Lemma 4.3. For every n e N, p > land A c H,with \A\ < oo, if J^„pj^(coiw{A„^pj^)) 
is convex then 



(46) 



conv(A„ C J^„„A{conv{A„„^A)- 



Proof. Consider Wi, . . . ,W2n, the (possibly pairwise coincident) vertices of A„ „ 



By Theorem 3.16 for every h = \, . . . ,2n 



p,A- 
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max A — min A 1 \^ . , v 

wj, — V(, H > mm A q 

max A — min A l,^i^„_u 1 "v=-.^ . ^ t. 
= ^ cTil O" ')a H ^ y mm A / 

for some h e {!,...,«} and / G { [n/2j, \n/2\}. Remark that if e G {0, 1} is the 
last digit of a\l^O"-^) then 

Now, asq" — i£e — then 
/r^Wft) = ^w;,-minA 

max A — min A, h/^i^n-H n v--^ • ^ j- • ,. 

max A — min A, x 1 . ^ t 

^ F ^ fc=0 

therefore /i (w;,+2) = w;,. By a similar argument, it is possible to show that if e = 1 
then/m(w;,+2) = w;,. Thus 

(47) WftG J-,,^({w;, |/i = l,...,2n} 
and, by the arbitrariness of w;,, 

(48) {wh\h^l,...,2n} C J^^^Aii^h \h^l,...,2n} 
Hence 

conv(A„^p^^) =conv({w;, \ h = l,.. . ,2n}) 

Cconv I /i = 1,...,2m})) 

=conv {\Jfi{{vih I h = l,...,2n})j 



Cconv /,(conv({w;, \ h^l,. . .,2n})) j 

=conv( J'n^p,^ (conv(A„,p,^) ) ) 
^J^n,p,A (conv ( A„,p,,4 ) ) . 



□ 



Lemma 4.4. For every n G N, p > 1 and A c IR 

(49) (conv ( A„,p,yi ) ) C conv ( A„,p,,4 ) . 
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Proof. Let y e J^„^p^/i(conv(A„^p^^)) so that y = fi{x) for some ; = 1,. . .,m and 
some X E conv(A„ p /t). In particular x = axi + (1 — dl)x2 for some Xi,X2 G A„ 
and, consequently, 

y = a/;(xi) + (l-a)/;(x2) 
because /, is a linear map. Since ^n,^,q is the fixed point of an IPS containing /, we 
have /,(xi),/,(x2) G A„ p /t and, consequently, y e conv(A„ p^^). Thesis follows 
by the arbitrariness of y. □ 

Lemma 4.5. For ei^ery n e N, p > 1 and A c M, A„ p ,4 is convex if and only if 
•^n,p,A (conv(A„^p ,4)) is convex. 

Proof If A 

n,p,A is convex, then the convexity of p yfi(conv(A„ p ^^i)) follows by 
(50) COnv(A„,p^^) = A„,p,^ = Tn,p,Ai^n,p,A) = -^«,p,A(conv(A„,p,^)). 
If otherwise J-'„^p^yi(conv(A„ p ,4)) is convex, then by Lemma 4.3 
conv(A„^p^A) C J"„,p,A(conv(A„,p,^)) 
while Lemma 4.4 implies 

•^n,p,/l(conv(A„^p,^)) C conv(A„,p^A); 

therefore 

^n,-p,A(^o-n\{A„^p^A)) = conv(A„,p^A); 
and by the uniqueness of the fixed point of J'n,j),A 

conv(A„,p,^) = A„^j,^A- 



□ 



Theorem 4.6. The set of representable numbers in base qn,p and alphabet A = {a,- | i 
!,...,;«} is convex if and only if 

maxA — minA 

(51) max flj+i - fl,- ^ — . 

i=l,...,m-l V" — 1 



Proof. By applying Proposition 2.9 with P = P„ p and 

P" - 1 

ti = ai 



max A — min A ' 



we get that (51 1 holds if and only if 



is convex. Then | |5T) is equivalent to the convexity of 

— max A — min A , 1 ".^^ . i. 

: = -, J'h p + ii) + ^ TT y min A fl\ 



,=1 -'^^ J:=0 



I™, 1 /maxA— muiA„ 1 . , i- 

■U;,( ''•-^. + ;,(^C-^--^^' + '.; 
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(A) A321/3 {p jj 



(B) Aj ji/a^Q i jQ i) 



(C) A3_2i/3+o.2,{0,l} 




(D) A, 



3,21/3+0.3,(0,1} 



(E) A 



3,2l/3+0.4,{0,l} 



(F)A 



3,21/3+0.5,(0,1} 



Figure 5. A3 21/3+0 i)c {01}' "^ith ^ = 0, ...,5, is approximated 
with the set of expansions with length 14. 



By Theorem 3.16| we have 



m 2 

^ = U " (conv(A„^p^A) = J'„^p^A(conv(A„^p,A)), 



therefore J-",, ^ ,4(conv(A„ p^)) is convex if and only if (51 1 holds. Thesis hence 
follows by Lemma 4.5 □ 



Corollary 4.7. Let A = {a, \ i = 1, . . . ,m}. If 



max — Ui ^ 

i=\,...,m—l 



max A — mui A 



then every 



max A — min A 'I— ,^ i. 
X e P„,p + 2^ minA<j„ p 

J:=0 



1 



/ifls a representation in base qn,j, and alphabet A. 
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Proof. It immediately follows by Theorem 4.6 □ 

Example 4.8. If p = 2^^" and A = {0,1} then A^^p^j^ is a convex set coinciding with 
P„^p. In particular A„ is an 2n-gon ifn is odd and it is an n-gon ifn is even. 

Example 4.9. If A = {0, 1, ... , [p"J } then A„ ^ is a convex set or, equivalently, 

Lp"J 



is completely representable. 
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